We show that if P (x) is a polynomial with nondecreasing, nonnegative coefficients, then the coefficient sequence of P (x + 1) is unimodal. Applications are given.
The main result
. This follows by induction on m ≥ r using P m+1,r (x) = P m,r (x) + x(1 + x) m+1 . For m even, P m+1,r is the sum of two unimodal polynomials with the same mode. For m = 2t + 1, the modes are shifted by 1, so it suffices to check
where a t+1 is the coefficient of x t in P m,r (x). The case t ≥ r yields equality in (2.1).
is a sum of unimodal polynomials with the same mode, and hence unimodal.
We now restate Theorem 2.1 and offer an alternative proof.
Theorem 2.2. Let b k > 0 be a nondecreasing sequence. Then the sequence
is unimodal with mode m
Suppose first that j ≥ m * , and let m be odd so that m = 2m * + 1; the case m even is treated in a similar fashion. Every term in (2.3) is negative because, if j > m * , then
Thus c j+1 < c j . Now suppose 0 ≤ j < m * and define
and
Thus c j+1 > c j .
Examples
Example 1. The case P (x) = x n in Theorem 2.1 gives the unimodality of the binomial coefficients.
This does not appear in the standard tables.
Then, with α = m + 1 and β = −(m + 2 ), we have Then c j is unimodal.
